Let G be a simple, connected and undirected graph. Given r, k as any natural numbers. By an r-dynamic k-coloring of graph G, we mean a
Introduction
We refer all basic definition of graph to a handbook of graph theory written by Gross et. al [1] . Let G = (V, E) be a simple, connected and undirected graph with vertex set V and edge set E, and d(v) be a degree of any v ∈ V (G). The maximum degree and the minimum degree of G
The Results
Now, we are ready to show our results on r-dynamic coloring for some special graph operations. Apart from showing the r-dynamic chromatic number we also show the colors c(v ∈ V (G)) for clarity. Some graph operations which have been found in this paper are P n +C m , C n 2S m , C n ⊗ S m , C n [S m ], C n S m , shack(P n 2C m , v, s), amal(P n 2C m , v, s). Theorem 1.5. Let G be a joint P n and C m . For n ≥ 2 dan m ≥ 3, the r-dynamic chromatic number of G is χ(P n + C m ) = χ d (P n + C m ) = χ 3 (P n + C m ) = 4, for m even 5, for m odd χ 4 (P n + C m ) = 5, for m ≡ 3(mod 3) 6, otherwise
Proof. The graph P n + C m is a connected graph with vertex set V (P n + C m )= {x i ; 1 ≤ i ≤ n} ∪ {y j ; 1 ≤ j ≤ m} and E(P n + C m )= {x i x i+1 ; 1 ≤ i ≤ n − 1} ∪{y j y j+1 , y m y 1 ; 1 ≤ j ≤ m − 1} ∪{x i y j ; 1 ≤ i ≤ n; 1 ≤ j ≤ m}. Thus p = |V (P n +C m )| = n+m, q = |E(G)| = nm+n+m−1 and ∆(P n + C m ) = m + 2. By Observation 1, the lower bound of r-dynamic chromatic number
, define the vertex colouring c : V (P n +C m ) → {1, 2, . . . , k} for n ≥ 2 and m ≥ 3 as follows:
It is easy to see that c : V (P n + C m ) → {1, 2, . . . , 4} and c : V (P n + C m ) → {1, 2, . . . , 5}, for m even and odd respectively, are proper coloring. Thus, χ(P n + C m ) = 4 and χ(P n + C m ) = 5, for m even and odd respectively. By definition, since min{|c(
For χ 4 (P n + C m ), define the vertex colouring c : V (P n + C m ) → {1, 2, . . . , k} for n ≥ 2 and m ≥ 3 as follows:
It is easy to see, for m ≡ 3 (mod 3) c : V (P n + C m ) → {1, 2, . . . , 5}, and otherwise c : V (P n +C m ) → {1, 2, . . . , 6} are proper coloring. Thus, for m ≡ 3 (mod 3), χ 4 (P n +C m ) = 5 and χ(P n + C m ) = 6 otherwise. By definition, since min{|c(N (v))|, for every v ∈ V (P n + C m )} = 4 ≤ δ(P n + C m ) = 4, it is proved that χ 4 (P n + C m ) = 5. Problem 1. Let G be a joint P n and C m . For n ≥ 2 and m ≥ 3, determine the r-dynamic chromatic number of G when r ≥ 5. Theorem 1.6. Let G be a joint W n and P m . For n ≥ 3 dan m ≥ 2, the r-dynamic chromatic number of G is
5, for n even 6, for n odd
Proof. The graph W n + P m is a connected graph with vertex set
By Observation 1, the lower bound of r-dynamic chromatic number χ r (W n + P m ) ≥ min{∆(W n + P m ), r} + 1 = {m + n, r} + 1. Define the vertex coloring c : V (W n + P m ) → {1, 2, . . . , k} for n ≥ 3 and m ≥ 2 as follows:
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For n odd
It is easy to see that c : V (W n + P m ) → {1, 2, . . . , 4} and c : V (W n + P m ) → {1, 2, . . . , 5}, for n even and odd respectively, is proper coloring. Thus, χ(W n +P m ) = 5 and χ(W n +P m ) = 6, for m even and odd respectively. By definition, since min{|c(
Problem 2. Let G be a joint W n and P m . For n ≥ 2 and m ≥ 3, determine the r-dynamic chromatic number of G when r ≥ 5.
4, for n even 6, for n odd
. . , k} for n ≥ 3 and m ≥ 3 as follows: 
. It completes the proof.
Problem 3. Let G be a cartesian product of C n and S m . For n ≥ 3 and m ≥ 3, determine the r-dynamic chromatic number of G when r ≥ 4. Theorem 1.8. Let G be a crown product of W n on P m . For n ≥ 3 dan m ≥ 2, the r-dynamic chromatic number of G is
3, for n even 4, for n odd
Proof. The graph W n P m is a connected graph with vertex set V (W n P m )= {A, x i , x i,j , y j ; 1 ≤ i ≤ n; 1 ≤ j ≤ m} and E(W n P m )= {Ax i ; 1
and |E(W n P m )| = 2nm + n + 2m − 1 and ∆(W n P m ) = n + m. By Observation 1, the lower bound of r-dynamic chromatic number χ r (W n P m ) ≥ min{∆(W n P m ), r} + 1 = {n + m, r} + 1. Define the vertex coloring c : V (W n P m ) → {1, 2, . . . , k} for n ≥ 3 and m ≥ 2 as follows: A = 4 and
It is easy to see that c : V (W n P m ) → {1, 2, . . . , 3} and c : V (W n P m ) → {1, 2, . . . , 4}, for n even and odd respectively, is proper coloring. Thus, χ(W n P m ) = 3 and χ(W n P m ) = 4, for n even and odd respectively. By definition, since min{|c(N (v))|, for every v ∈ V (W n P m )} = 2, it implies χ(W n P m ) = χ d (W n P m ). It completes the proof. Problem 4. Let G be a crown product of W n on P m . For n ≥ 3 dan m ≥ 2, determine the r-dynamic chromatic number of G when r ≥ 3. Theorem 1.9. Let G be a crown product of C n on S m . For n ≥ 3 dan m ≥ 3, the r-dynamic chromatic number of G is
3, for n even 4, for n odd Proof. The graph C n S m is a connected graph with vertex set V (C n S m )= {A} ∪{x j ; 1 ≤ j ≤ m} ∪{y i ; 1 ≤ i ≤ n} ∪{y i,j ; 1 ≤ i ≤ n; 1 ≤ j ≤ m} and E(C n S m )= {Ax j ; 1 ≤ j ≤ m} ∪{Ay i ; 1 ≤ i ≤ n} ∪{x j y i,j ; 1 ≤ i ≤ n; 1 ≤ j ≤ m} ∪{y i y i+1 ; 1 ≤ i ≤ n − 1} ∪{y n y 1 } ∪{y i,j y i+1,j ; 1 ≤ i ≤ n − 1; 1 ≤ j ≤ m} ∪{y n,j y 1,j ; 1 ≤ j ≤ m}. Thus |V (C n [S m ])| = nm + n + m + 1 and |E(C n S m )| = 2nm + m + 2n and ∆(C n S m ) = m + n. By Observation 1, the lower bound of r-dynamic chromatic number χ r (C n S m ) ≥ min{∆(C n S m ), r}+1 = {m+n, r}+1. Define the vertex colouring c : V (C n S m ) → {1, 2, . . . , k} for n ≥ 3 and m ≥ 3 as follows:
It is easy to see that c : V (C n S m ) → {1, 2, . . . , 3} and c : V (C n S m ) → {1, 2, . . . , 4}, for n even and odd respectively, is proper coloring. Thus, χ(C n S m ) = 3 and χ(C n S m ) = 4, for n even and odd respectively. By definition, since min{|c(
Problem 5. Let G be a crown product of C n on S m . For n ≥ 3 dan m ≥ 3, determine the r-dynamic chromatic number of G when r ≥ 3. Theorem 1.10. Let G be a shackle of cartesian product P n and C m . For n ≥ 2 and m ≥ 3, the r-dynamic chromatic number of G is
Proof. The shackle of cartesian product P n and C m , denoted by shack(P n 2C m , v, s), is a connected graph with vertex set V = {x
Thus |V (shack(P n 2C m , v, s))| = nms − s + 1 and |E(shack(P n 2C m , v, s))| = 2nms − ns and ∆(shack(P n 2C m , v, s)) = 6. By Observation 1, the lower bound of r-dynamic chromatic number χ r (shack(P n 2C m , v, s)) ≥ min{∆(shack(P n 2C m , v, s)), r} + 1 = {6, r} + 1. Define the vertex colouring c : V (shack(P n 2C m , v, s)) → {1, 2, . . . , k} for n ≥ 3 and m ≥ 3 as follows: 
It is easy to see that c : V (shack(P n 2C m , v, s)) → {1, 2} and c : V (C n S m ) → {1, 2, 3}, for m even and odd respectively, are proper coloring. Thus, χ(shack(P n 2C m , v, s)) = 2 and χ(shack(P n 2C m , v, s)) = 3, for m even and odd respectively. By definition, since min{|c(N (v))|, for every v ∈ V (shack(P n 2C m , v, s)} = 1 ≤ δ(shack(P n 2C m , v, s)) = 3, thus we only have χ(shack(P n 2C m )) = 2 and χ(shack(P n 2C m , v, s)) = 3, for m even and odd respectively. It completes the proof. Problem 6. Let G be a shackle of cartesian product P n and C m . For n ≥ 2 and m ≥ 3, determine the r-dynamic chromatic number of G when r ≥ 2. Theorem 1.11. Let G be a shackle of joint S n and P m . For n ≥ 3 and m ≥ 2, the r-dynamic chromatic number of G is
Proof. The shackle of joint S n and P m , denoted by shack(S n + P m , v, s), is a connected graph with vertex set
Thus |V (shack(S n + P m , v, s))| = nr + mr + 1 and |E(shack(S n + P m , v, s))| = 2nms + ns + 2ms − s and ∆(shack(S n + P m , v, s)) = 6. By Observation 1, the lower bound of r-dynamic chromatic number χ r (shack(S n + P m , v, s)) ≥ min{∆(shack(S n + P m , v, s)), r} + 1 = {6, r} + 1. Define the vertex coloring c : V (shack(S n + P m , v, s)) → {1, 2, . . . , k} for n ≥ 3 and m ≥ 2 as follows: c ( It is easy to see that c : V (shack(S n + P m , v, s)) → {1, 2, . . . , 4} is proper coloring. Thus, χ(shack(S n + P m , v, s)) = 4. By definition, since min{|c(N (v))|, for every v ∈ V (shack(S n + P m , v, s)} = 3, it implies χ(shack(S n + P m )) = χ d (shack(S n + P m )) = χ 3 (shack(S n + P m )). It completes the proof.
Problem 7. Let G be a shackle of joint S n and P m . For n ≥ 3 and m ≥ 2, determine the r-dynamic chromatic number of G when r ≥ 4.
Conclusions
We have studied the r-dynamic coloring of some graph operations. The results show for each graph operation, its r-dynamic chromatic number has not been obtained completely for all values of r, therefore we left them as open problems for the further study.
